This work gives an analytical theory of the signal-to-thermal-noise ratio (SNR) of classical Hall plates with four contacts at small magnetic field. In contrast to previous works, the symmetry of the Hall plates is reduced to only a single mirror axis, whereby the average of potentials of the two output contacts off this mirror axis differs from the average of potentials at the two supply contacts on the mirror axis, i.e. the output common mode differs from 50%. Surprisingly, at fixed power dissipated in the Hall plate, the maximum achievable SNR is only 9% smaller for output common modes of 30% and 70% when compared to the overall optimum at output common modes of 50%. The theory is applied to Vertical Hall effect devices with three contacts on the top surface and one contact being the buried layer in a silicon BiC-MOS process. Geometries are found with large contacts and only a moderate loss in SNR.
. Hall plates with four contacts and (a) with 90˚ symmetry, (b) with two perpendicular mirror symmetries, (c) vertical Hall effect device with a single mirror symmetry. The theory in this paper applies to all these topologies. There, the current flow lines span a plane which is perpendicular to the detectable magnetic field B ⊥ : in ((a), (b)) this plane is the top surface of the substrate; in (c) this plane intersects the top surface of the substrate at 90˚. The thickness H t of the device is defined along the direction of B ⊥ . The figures show the current flow lines for a large Hall angle of 45˚, and the colour coding gives the electric potential (red means positive potential, blue means negative potential).
have at least two perpendicular mirror symmetries ( Figure 1(b) ), both of which can have maximum SNR for properly sized contacts [1] . Yet, for Vertical Hall effect devices, one is forced to use shapes having only a single mirror symmetry (Figure 1(c) ) [2] [3] . These devices are able to detect the magnetic field parallel to the main surface of a chip, whereas conventional Hall plates detect the magnetic field orthogonal to the main chip surface. Vertical Hall effect devices are attractive in cost sensitive mass markets for linear [4] , rotational [5] , and 3D position sensing in automotive, industrial, and home appliance applications.
Compared to competing XMR technologies (like tunneling magneto-resistance) they can be cheaper in manufacturing and end of line testing, more robust against environmental conditions, more linear versus magnetic field, they have no saturation at reasonable flux densities, no hysteresis and no crosstalk between orthogonal magnetic field components 1 , and they offer still lower zero point errors when operated in spinning current schemes [6] -even for wide analogue bandwidths up to 400 kHz [7] . The drawback of silicon Vertical Hall effect devices against XMRs is limited SNR, even though their low frequency noise is inherently removed by the spinning scheme [8] .
Hall plates with four extended contacts and four-fold symmetry with equal input and output resistance in out R R = are discussed in [9] [10] [11] [12] [13] .
Their equivalent resistor circuit (ERC) at vanishing magnetic field is shown in . Therefore, in λ links the in-plane geometry of the Hall plate with electrically measurable quantities. However, this link is not a simple ratio of length over width of the Hall plate, except for the case of rectangular plates with flush input contacts and point-sized output contacts [14] .
The magnetic sensitivity of a Hall plate at weak magnetic field is defined as change in output voltage out V per change in flux density B ⊥ orthogonal to the Hall plate [1] [2] [13] out-of-plane parameter sh R [13] .
In [1] [14] [15] we also discussed Hall plates with four contacts and two perpendicular mirror symmetries, yet with different input and output resistances.
Their common mode output voltages (along both diagonals C 1 -C 3 and C 2 -C 4 , respectively) are at half of the input voltage: ( )
2 2 V V V V + = + for current flowing between contacts C 2 and C 4 , or between contacts C 1 and C 3 . Thereby, the potential at contact C n is denoted by V n for n = 1, 2, 3, 4. The ERC of these
Hall plates has three resistances 1 2 , , parameter cm is called the common mode and it is defined by ( )
for current flowing from C 4 to C 2 . Generally, it holds 0 1 cm ≤ ≤ . Devices with two perpendicular mirror symmetries have 1 2 cm = . The ERC of devices with only a single mirror symmetry has six resistors with four resistances:
The low field Hall-geometry factor is a function of three in-plane parameters
Amongst all useful Hall plates with zero output signal at zero magnetic field there are some with no mirror symmetry at all (see Figure 2 (d)). They have arbitrary common mode for both pairs of output contacts, which gives a total of five degrees of freedom: sh 13 24 , , , ,
. Their ERC has six different resistors yet with the additional constraint that the ratio of two neighboring resistors in the H-bridge-portion is identical to the ratio of the other two resistors in the H-bridge-portion: 13 24 , ,
, , G is a function of the four in-plane parameters 13 24 , , ,
In the most general case a resistive device with four terminals has an ERC composed of 3 + 2 + 1 = 6 resistors: between each couple of terminals there is one resistor, as was shown in [16] (see Figure 2 (e)). The six resistors correspond to six DoF: the sheet resistance and five in-plane geometrical parameters (see also page 92 in [17] ). The low field Hall-geometry factor is a function of these five 
also covers the five in-plane DoF and finally it holds
The low field Hall geometry factor is a function of ratios of resistances of the ERC. Inserting (3) and (5) into (1) leads to the remarkable conclusion that at small Hall angles the output voltage is fully determined by the ERC, the Hall angle, and the Hall supply current or voltage. We do not need any information on the geometry of the Hall plate. The electrical parameters of the ERC fully determine the sensitivity of the Hall plate output signal with respect to changes in the Hall angle. A similar conclusion was drawn in [18] , but there the authors did not link the resistances to the ERC.
The rest of the paper mainly elaborates on the relation
for Hall plates with four contacts of finite size and only one mirror symmetry having ERCs like in Figure 2 (c). The author is not aware of any published work about analytical calculations on the magnetic sensitivity of Hall plates of this reduced type of symmetry, although there are a few prior works on entirely asymmetric Hall devices [18] [19] . Conformal mapping was also applied to Vertical Hall devices with five contacts and single mirror symmetry [20] . All these papers compute the Hall signal as a function of geometrical parameters, yet they do not relate the Hall geometry factor to electrical parameters , , f p cm λ λ and they do not address signal-to-noise ratio versus cm . They also do not use the low magnetic field approximation to simplify the calculations. WW W W = .
transformation onto the upper half of the zeta plane and from this into another rectangle in the w-plane. The partial contacts in the w-plane are parallel to lines of constant potential, which greatly facilitates the calculation of their potential and the calculation of the resistance between the other contacts.
A mapping from the ζ-plane onto the z-plane is given by Schwartz-Christoffel's
Applying (6) to the width of the rectangle in the z-plane gives
The complete elliptic integral K is defined in Appendix A. Applying (6) to the length of the rectangle in the z-plane gives
K′ is the complementary complete elliptic integral defined in Appendix A. Dividing (8) by (7) gives ( ) ( )
Equation (9) 
with the incomplete elliptic integral F defined in Appendix A. (10) can be solved for 5
ζ by use of the Jacobi-sn function (see Appendix A)
From (11), (12) , and [21] it follows ( )
For the symmetric case 1 2 cm = it holds 2b s + =  . Then the first argument in the incomplete elliptic integral in (14) is equal to unity. This gives 3 5 6 ζ ζ ζ
By now we have expressed all parameters defining the contacts in the ζ-plane by parameters of the z-plane. Turning to the mapping from the ζ-plane onto the w-plane in Figure 3 (c) we can again use the transformation of Schwartz-Christoffel 
Equation ( 
The number of squares between the flush contacts is defined as the resistance between these contacts divided by the sheet resistance. With Figure 3 For the common-mode potential of the partial contacts 3 4 5 W W W at zero magnetic field we assume that contact 6 7 W W is at potential in V and contact 
With the functions defined in Appendix B we may write (20) , (21) like this
For large impedance between the two contacts on the axis of mirror symmetry it follows from (9) ( ) 
The Resistance between the Partial Contacts off the Axis of Symmetry
We compute the resistance p λ between the partial contacts at zero magnetic field. For this purpose we map the interior of the rectangle in Figure 4 with both folded contacts on the single axis of mirror symmetry onto the upper half of the ζ-plane in Figure 3 (b). 
The center of the folded bottom contact 1 2 WW is mapped to the origin of the ζ-plane, whereas the center of the folded top contact 6 7 W W is mapped to infinity of the ζ-plane. Therefore it does not show up in the integrand of the Schwartz-Christoffel integral (see also [22] ). This leads to a simple expression for the number of squares between the partial contacts of the original device in Figure 3 (a). 
In (26) both integrals can be solved explicitly as functions of 3 5 6 , , ζ ζ ζ (see Appendix B). Thus, in general the three parameters 3 5 6 , , ζ ζ ζ are linked via
The modular lambda function L is defined in Appendix A. The resistance between the partial contacts gets large for (see (13) or Figure 3 (b)) ( ) Figure 4 shows that for 1 2 cm ≠ the current through both original flush contacts is different, because the original partial contacts are closer to one than the other (see also Figure 3 (a)). Therefore, 
Obviously the transformation
while it swaps 1 1
Inverting (32), (33) gives 3 5 , Figure C2 (a) in the appendix.
Inserting this into (C15)-(C17) and into (C8)-(C10) gives
( ) ( )
Inserting (15) into (36) 
The Hall Output Voltage at the Contacts on the Symmetry Axis
Here we consider only the case when current flows between the original partial 
with the solutions
From (38) one gets ( ) 2  12  67  12 67  3  3  2  2  2  2  2  2  2  2  3  3  5  6   5  5  6  6   2  12  67  12 67  3  2   1  1  ln  1 
Next we compute the potential at the sense contacts in Figure 5 . With (38) we get ( ) 
Thus, the potential at this sense contact 12 is 
where we used (26) 
In (48) the negative sign in front of the fraction is needed to make the Hall geometry factor positive, even though the potential at this contact 12 decreases with rising field according to Figure 5 . The Hall supply current is equal to the integral of the current density component perpendicular to the contact along the contact:
( ) 
For the other sense contact 67 we get ( ) 
which gives
Obviously, (50) and (54) are different: The magnetic sensitivity of the Hall signal at the two contacts on the axis of mirror symmetry is different. For 
With (B23), (B24), and (B41) in Appendix B we finally get 
Moreover, (50) and (54) must be equal due to the symmetry. Thus,
(57), (34), and (35) give the weak field Hall geometry factor of devices with 1 2 cm = , i.e. with two perpendicular mirror symmetries, as function of the numbers of squares. An alternative formula for this Hall geometry factor was given in (5a-c) in [1] . Although there is no apparent similarity in the two formulae their numerical results are identical.
Discussion of the Hall Geometry Factor
The Hall geometry factor 0 H G , the common mode cm , and the numbers of squares , f p λ λ at low magnetic field are functions of three parameters 3 5 6 , , ζ ζ ζ which are subject to the relations In Figure 6 and Table 1 Figure 6(b) ). 
A strict mathematical proof of (61) based on (57) seems to be challenging and
has not yet been accomplished.
Numerical Verification
Let us consider a first rectangular Hall plate of Figure Table  2 ). Table 3 The differences between the analytical theory and the FEM simulation are smaller than 0.03% for all values of Table 3 
Summary
This work gave an analytical theory on the signal-to-thermal-noise ratio (SNR) of
Hall plates with reduced symmetry, where the common mode potential of the two output contacts was not midway between the two supply potentials. The method , , ζ ζ ζ are the corresponding parameters of (9), (11), (12) . The data of this table is also plotted in graphical form in Figures 6(a)-(d) . The three rightmost columns specify the geometry of a rectangular Hall plate of Figure 3 (a) to achieve the specific common mode and 2
For each value of cm the noise relevant parameter
λ λ is only negligibly smaller than in Table 1 , but the devices of relies on conformal mapping theory introduced by [24] but it employs a novel way to derive the weak magnetic field limit. The numerical problems in the evaluation of the integrals are reduced via several transformations and closed form integrals given in the appendix. The agreement between the analytical theory and selected numerical simulation results is excellent. The set of Equations ( (1), (22), (23), (27) , (50), (54), (56) With this theory, it was shown that the SNR is only slightly impaired if the common mode output potential deviates moderately from half of the supply potential. Despite the lack in symmetry for 1 2 cm ≠ it is possible to keep input and output resistances equal without significant further loss in SNR. In Appendix C, the theory was applied to optimize of Vertical Hall effect devices with three top contacts and one buried layer contact. There it was possible to specify geometries with sufficiently large contacts for practical use and with only moderate loss in SNR. Moreover, it was shown that for 1 2 cm ≠ the magnetic sensitivity of both contacts on the axis of mirror symmetry is not the same.
The theory is so general that it also covers former results on Hall plates with four contacts having two perpendicular mirror symmetries [1] and also former results on Hall plates with three contacts having only single mirror symmetry [31] . However, the mathematical expressions for the Hall plate parameters from the present theory show no apparent similarity to former work in [1] [31] .
Appendix A
Here are the definitions of some functions used in the text. The imaginary unit is denoted by 1 i = − . The incomplete elliptic integral of the first order is defined as ( ) ( ) ( )
The complete integral of the first order is given by
It holds
We also use the common notation for the complementary elliptic integral
Inversion of (A1) gives the Jacobi-sn function
From (A4) it follows ( )
The modular lambda function is defined as the inverse of the monotonic func-
Further useful properties of this function are given in [15] .
Appendix B B1. The G-Functions
We introduce the following functions which appear in the calculation of the resistances at zero magnetic field. ( ) (  )   2  2  2  5  3  6  1  2  2  2  2  2  2  6  3  5  6 3 5
From Figure 4 it follows
One can get (B9) by direct calculation of the integrals according to [29] . With [30] it holds ( )( 2  2  2  5  5  3  6  1  2  2  2  2  2  2  2  6  6  3  5  6 3 5
and with the addition theorems for elliptic integrals in [21] one gets ( ) (  )   2  2  2  3 5  6  5  3  6  1  1  2  2  2  2  2  2  5  3 6  6  3  5  6 3 5
The physical meaning of 1 1 G G ′ and 1 1 G G ′′ is the size of the folded contacts (27) ).
Another identity between G-functions can be proven with Figure B1 . It shows a mapping from the upper half of the ζ-plane onto the interior of a polygon in the w′ -plane. The valid Schwartz-Christoffel transformation is 
With (B13) we compute the following segments ( ) 2  1  3  2  0 2  3 0  2  2  2  2  2  2  2  2  0  3  5  6 d 1 3   2  2  3  2  3 5  2  3 0  2  2  2  2  2  2  2  3  5  6 d 1 2  2  3  2  6  2  3 0  2  2  2  2  2  2 
A similar mapping is shown in Figure B2 . It is given by 3  5  2  0  2  2  2  2  2  2  2  3 5 6 
The combination of (B17) and (B22) gives two remarkable identities.
B2. The H-Functions
In the calculation of the Hall signal the following function appears.
( ) ( ) Shows the same Hall-plate after conformal transformation (B36).
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B3. Numerical Evaluation of the Integrals
The numerical evaluation of the integrals (B2-B6) and (B31-B35) may get tricky Figure C1 (a). In Figure C1 (b) the geometry is scaled, and in Figure   C1 (c) it is mapped onto the upper half of the t-plane. These transformations are
( )
with the parameter κ given by the aspect ratio of the Hall tub ( )
For the contacts we get 
Inserting (C4-C7) into (C8-C10) gives three relations between the parameters 3 5 6 , , ζ ζ ζ and the geometrical parameters of the device in Figure C1 (a), which can be solved for , ,
Before we turn to the case of general common mode, we study the special case 1 2 cm = . Such a device may have a circular shape as in Figure C2 
where we used [32] and 
L L λ = we get ( ) 
This gives the geometrical parameters of the device in Figure C1 (a) for the case 1 2 cm = as a function of the numbers of squares 1 2 , λ λ . According to [1] the maximum signal to noise ratio for fixed power (SNRP) is achieved for and they give rise to large electric fields when operated at typical supply voltages of around 2 V. Large electric fields lead to velocity saturation and electrical non-linearity and local self-heating, which reduce the efficiency of the spinning current Hall probe scheme [16] . Since the tub depth d cannot be increased in standard technologies we can only play with the length  . According to Figure  C4 the length  should be small in order to make the contact spacing b  large. However, the arguments in the incomplete elliptic integrals in (C29-C31) must not exceed 1 for real valued solutions. Equation (C31) gives the most stringent requirement:
( ) ( ) 2 1 2 2 2 2 2 1.22004 1 2 2 2 2 2
For maximum SNRP the length of the Hall tub must be at least 22% larger than its depth. Moreover, the outer contacts should reach towards the end of the tub µm. In the following we will see that it is possible to increase the contacts even further if we depart from 1 2 cm = .
In the general case of Hall effect devices with different input and output resistances it is advantageous to operate them in a stacked way according to Figure   C5 . Two identical devices are connected in series such that the entire supply current flows through C 1 -C 3 of one device and through C 2 -C 4 of the other device.
Then a spinning Hall probe scheme can be implemented, where input and output Figure C1 (a) are operated in a stack: supply wise the devices are connected in series. The device at higher potential is in p-phase with current flowing across its axis of mirror symmetry, while the device at lower potential is in f-phase with current flowing along its axis of mirror symmetry. The output voltages are tapped at different common mode potentials, amplified by operational amplifiers, whose outputs are added and low pass filtered. The switches implement a spinning current Hall probe scheme where each device toggles between p and f mode at a frequency well above the low pass corner frequency. If all phases of the spinning scheme last equally long and the current is constant during all phases the offset (zero point) error of the output vanishes in linear electrostatic theory. In practice a tiny residual offset is left: it corresponds to an offset equivalent field of about 10 -100 µT in silicon technology. This residual offset is caused by small asymmetries in combination with electrical nonlinearities such as velocity saturation, self-heating, and thermoelectric voltages caused by the Seebeck effect. The residual offset increases with the magnitude of the electric field in the devices. terminals of both devices are swapped synchronously while a constant supply current is forced through them, and the output voltages at the remaining terminals are added for both devices and both operating phases. This cancels out offset errors and low frequency 1/f-noise [8] [16] . The sum of resistances of both devices is nominally the same in both operating phases:
